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Problems in the QMDM and Comparison to Economic
Components Model: A Response to Chris Mercer

by Jay B. Abrams, ASA, CPA!

1. Introduction

It seems to me that hedlthy dialogue among practi-
tioners is a useful tool in facilitating our growth as a
profession. It isin that spirit that | wish to respond to
my colleague, Chris Mercer's recent article? wherein
he asserts that my misunderstanding of his Quantita-
tive Marketability Discount Model (QMDM) explains
the disparity in my results and his in caculating the
discount for lack of marketability (DLOM). Accord-
ingly, in this article | will:

* Provide an Explanation of the Economic Components

Modd (ECM)

» Comparethe Theoretical Underpinningsof ECM and
QMDM
* Providean empirical test of the QVIDM vs. the ECM
* Addresslogical inconsistenciesin Mr. Mercer’s ar-
guments
* Compare the scope of the two models and address
theoretical strengths and weaknesses
This article consists of five sections, including this
introduction. In Section 2, | explain the theoretica (and
some empirical) basis of the ECM. In Section 3, | pro-
vide an empirical test of the two modelswith restricted
stock data. In Section 4, | discussinconsistenciesin the
QMDM, and Section 5 is my conclusion.

2. Economic Components Model (ECM)?

A complete presentation of ECM is too lengthy for
and isoutside of the scope of thisarticle. For that, | must
refer readers to Chapters 7-9 of my book, Quantita-
tive Business Valuation: A Mathematical Approach for
Today' sProfessonals (QBV). However, in afew pages,
| can explain the logic of ECM and some of the key
research that comprise its theoretical and empirical
underpinnings.

It is important to understand that Section 2, amost
half of the length of this article, is optional reading.
While this entire section provides additional back-
ground that will enrich the reader’s understanding of
the debate between Mr. Mercer and mysdlf, it is not
necessary material and can be skipped. Thosewho wish
to do so can safely skip to Section 3, the Empirical Test
of the Two Moddls. That being said, let's move on.
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The ECM contains four components that act as
“building blocks’ in cdculating DLOM. We will dis-
cuss each of the components in its own section, al-
though wetreat the last two components together in one
section.

Component #1: Delay to Sale

The base component in the ECM is onethat measures
the economic disadvantage of being illiquid for a ma-
terid amount of time.

Psychology of llliquidity

Before immediately jumping into the measurement
of the Delay to Sale, in QBV, page 250, | cite a chapter
from another book* that discussed the Ellsberg Para-
dox, developed by Dr. Danid Ellsberg, later of Penta
gon Papers fame. Ellsberg demonstrated that even if
people are given the choice between two gambles of
equal expected vaue, they ill strongly prefer to take
the gamble that is well defined than the one that isill
defined. The authors defined ambiguity as a second-
order uncertainty, i.e., uncertainty about uncertainties.

It is my opinion that this psychological point drives
much of the phenomena of control and marketability.

Control affectsthe degree of clarity of the environment

and security, on one hand, or ambiguity and lack of

security, on the other, that shareholders experience,
depending on the degree of their control.> How many
minority shareholders are booted out of their firms by
control shareholders after long years of service? | have
testified in a number of such cases, and it is likely that
many of the readers of this journa have done so, too.

In ECM, control affects marketability in each of the
different components. Compared to control interests,
private minority interests differ in the following ways:

(1) They should take longer to sell, asthey are less de-
srable. That exposes the minority shareholder who
wants to sell to negative (or positive) changes in
value for a longer period than the control share-
holder.

(2) Therearefewer buyersfor minority interests. Asa
practica matter in most privately held firms, the
control shareholder is often the only feasible buyer
for minority interests. Even if one can find an in-
terested buyer for a minority interest, that poten-

Page 83



tia buyer is in a much stronger negotiating posi-
tion than the potentia buyers for a control interest
and is likely to drive down the price due to lack of
competition among buyers.

(3) Transactions costs of selling minority interests in
private firms usually should be higher than the
transactions costs of selling control interests, asthe
former arelessdesirable interests and there are no
organized markets in which to sl them.

Thus, while thisis an article on DLOM, we cannot
ignore the issue of control, as control affects all com-
ponents of marketability. Before diving into the calcu-
lation of DLOM, we will discuss the different levels
of value charts that have been proposed and described
in the literature.

The Levels of Value Charts

There are essentialy three different levels of value
charts. The (Modified) Traditional Levels of Vaue
Chart appears in Figure 1. It is a single column.

It is important to note that Chris Mercer’s position
is that control interests in private firms do not receive
a discount for lack of marketability. His primary rea-

Figure 1: (Modified) Traditional Levels of Value Chart

In QBV, page 230, | extend thislevels of vaue chart
to a3 x 2 chart, asfollows:

Figure 3: Abrams’ 3 x 2 Levels of Value Chart

Public Private
Control X X
Minority (well treated) X X
Minority (exploited) X X

Weéll-treated minority shareholders are usualy the
owners of publicly traded companies, while minority
shareholders in private firms may or may not be well-
treated.® Even those who are well-treated today may not
be well-treated in the future; thus it is logicd that the
DLOM for well-treated minority interests should bear
a discount component for the fear that things could
change for the worse someday—a fear about which a
control shareholder would never have to worry.

The two different minority levelsin my 3 x 2 chart
represent extremes, and there are many gradations in
between. A completely well treated minority interest
would mean the control interest would be entirely be-
nevolent, i.e., it would take only an arm’s length sal-
ary for services, it would never expropriate wealth from
the minority shareholders, and it would have to be so
completely trustworthy

Level of Value

Control Value
Marketable Minority Value
Private Minority Value NA

Adjustment Up To
Strategic Value® (Synergistic Buyer) Value of Synergies

Control Premium
Reverse out DLOM

Adjustment Down To | that a minority share-

NA holder would never have a
Eliminate Synergies passing worry that the
DLOC control shareholder would
DLOM change this policy in the

son for that is that the control shareholder enjoys the
full benefit of cash flows during the time to market-
ability, athough he has other reasons for that conclu-
son.” | disagree with Mr. Mercer’s conclusion, al-
though a well-managed firm can do much to minimize
the impact of DLOM.

Michael Bolotsky's 2 x 2 Levels of Vaue Chart ap-
pearsin Figure 2. Unlikethetraditional Levelsof Vaue
Chart, where a control interest is always on top,
Bolotsky argued—correctly in my opinion—that the
vaue of control may or may not outweigh the discount
for lack of marketability.

Figure 2: Michael Bolotsky’s 2 x 2 Levels of Value
Chart®

Public Private
Control X X
Minority X X
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future. That would aso ne-
cesstate selling to athird party or giving as an inherit-
ance to a child only with the same degree of benevo-
lence, ad infinitum It is questionable whether any
human being can fill those shoes.

Exploited minority shareholders are well known as
aphenomenon. Of course, there are degrees of exploi-
tation, so even that onerow on the chart isrealy acon-
tinuum. A control shareholder never has the fear that
he or she will become tomorrow’s exploited share-
holder. However, any minority shareholder—no mat-
ter how well treated today—is likely to be concerned
about the environment deteriorating in the future. This
is an example of ambiguity. Because lack of control
exposes one to an unknown degree of change, it con-
tains an ambiguity that lowers the vaue of a minority
interest.
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Measuring the Delay to Sale Component

While the degree of control has a direct impact on
value through the control premium or discount for lack
of contral, it aso has a large indirect impact on value
through its effect on marketability. A control interest
has the power to sell the firm at any time, while minor-
ity interests can wait for decades to sell. Thus, control
interests are much easier to sell and should sell faster
than minority interests. The ECM and QMDM each
recognize timing as a critical element in the DLOM
calculations, but very differently. In the QMDM, the
issue is when will the control shareholder sdll the en-
tire firm. In most privately held firms, that is usudly a
long-term proposition. The minority shareholder has to
wait for the control shareholder to sdll the entire firm
to achieve liquidity. In the ECM, the ultimate timing
of the “final sal€” is usually not the main issue unless
that sdle is near at hand. The timing issue in the ECM
is how long would it take for meto find a buyer for my
interest even if the firm as a whole does not sell. That
isthe period of Illiquidity that | usein the Delay-to-Sde
Component.

I measure the delay-to-sale component by estimat-
ing the restricted stock discount for a business with
smilar characteristicsto the subject company. Thelogic
for thisisthat ownership in a privately held business—
whether an operating or a holding company—is simi-
lar to owning restricted stock in publicly held company.

Restricted stock is legally restricted from sale for a
well-defined period of time. According to SEC Rule
144, anon-affiliate (one who is not an officer or direc-
tor) can begin selling restricted stock in one year (two
years before April 27, 1997) according to the SEC's
“dribble out” rules and sdll al stock at the end of the
second year (third year before April 27, 1997). While
the owner of a privately-held company may not have
lega restrictions precluding immediate or near-term
sale, asapractical matter it takesalong timeto sdll such
abusinessinterest—even if the owner has prepared the
businessfor sde, which most have not. During thetime
of preparing the business for sale, engaging a business
broker or investment banker, and marketing the busi-
ness, there may be good news or bad news. Investors,
being risk averse, are more concerned about the bad
news than the good news and require a discount to
compensate them for the timein which they are exposed
to achange in the condition, i.e., value, of the business.
| modd this “Delay to Sale’ component in two differ-
ent ways, which | will discuss briefly here and in more
detail later in the article.
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The first method of modeling the restricted stock
discount is David Chaffe's use of the Black-Scholes
Options Pricing Model (BSOPM) to calculate the value
of a put option as a proxy for the cogt of illiquidity.*°
The second method of modeling the restricted stock dis-
count ismy own regression analysis of the Management
Planning, Inc. data, which we will discuss in more de-
tall later.

Component #2: Monopsony Power of the Buyers

The second component of ECM is a discount for
“monopsony power”. A monopsony is a single buyer.
It isthe mirror image of amonopoly, asingle sdller. As
a monopoly has the power to withhold production and
drive price above margina cost, a monopsonist has the
power to withhold purchase and drive price down. Most
smdl and even medium size private businessesface few
interested buyers. While they do not face literaly one
sole buyer, usualy they do not have enough interested
buyers to drive the price to its theoreticad maximum in
pure competition with many interested buyers.

| model this by making use of aresult in the research
by Finance Professor G. William Schwert.** He found
that the presence of multiple bidders for control of pub-
licly held companies on average led to increased pre-
miums of 12.2% compared to takeovers without com-
petitive bidding. Based on the regression in Table 4 of
his article, | assume a typical dea configuration that
would apply to a privately-held firm.'2 The premium
without an auction was 21.5%. Adding 12.2%, the pre-
mium with an auction was 33.7%. To cdculate the dis-
count for lack of competition, we go in the other direc-
tion, i.e., 12.2% divided by one plus 33.7% = 0.122/
1.337 = 9.1%, or approximately 9%. This is a useful
benchmark for the second component of DLOM.

Components 3A and 3B: Buyers’ and Sellers’
Transactions Costs

The next two components of DLOM are the present
value of an infinite continuum of transactions costs
differentias for both the buyer and the seller. When
using either a Discounted Cash Flow mode or a Pub-
lic Guiddline Company method to value a business, we
are beginning with the level of value known as a mar-
ketable minority interest value in the Traditional Lev-
els of Vaue Chart and the (well-treated) public minor-
ity value in the 3 x 2 chart.

It is generally more expensive to buy and to sdll in-
terestsin private firmsthan interestsin public firms. For
example, the brokerage fee for stocks in most public
firmsis 1% to 2% of the transaction price, while busi-
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ness brokers usualy charge 10% of the transaction price
to sdl private firms. Additionaly, sales of interests in
private firms usualy entail differential legal and ac-
counting fees, since there is no SEC scrutiny of the
firms.

Transactions costs are different than the first two
components (#1 Delay to Sale and #2 Monopsony
Power of the Buyer). Components #1 and #2 can be
passed on intact from one buyer to another, ad infini-
tum. As a simple example, suppose the business is
worth $1 million today (time zero) and that it will be
worth $1.5 million at the end of Year 10 and $2 mil-
lion at the end of Year 20, etc. Suppose the Delay-to-
Sale component were 5% of the vaue of the firm. For
animmediate hypothetical sae of the business, it would
be 5% of $1 million, or $50,000. Thus, the first buyer
would pay $50,000 less for the business than he or she
otherwise would because of Component 1. Now let's
fast-forward 10 years. Thefirst buyer now becomesthe
second seller, and his or her buyer iswilling to pay $1.5
million for the business, less 5% x $1.5 million, or
$75,000. So, Buyer #1 won the first time around by
withholding $50,000, but he or she lost the second time
to the tune of $75,000 (if the business would not have
grown in vaue, then it would have been $50,000, for a
net wash). In essence, the costs represented by Com-
ponents 1 and 2 are passed from one owner to another
and grow only with the growth in value of the business.
They do not “leave the system.”

Transactions costs are different than the first two
components of DLOM. For Components 3A and 3B,
we need to explicitly caculate the present value of the
occurrence of transactions costs every time the inter-
est sdls. The reason is that, unlike the first two com-
ponents, transactions costs are actually out-of-pocket
costs that “leave the system.” They are paid to attor-
neys, accountants, appraisers, and investment bankers
or business brokers. Additionaly, both the buyer and
the seller must spend significant time on the project to
make it happen, and they often have to spend time on
failed acquisitions before being successful.

We need to distinguish between the buyer’s trans-
actions costs and the seller’ s costs. The reason for this
isthat the buyer’ stransactions costsareawaysrelevant,
whereas the seller’ s transactions costs for the immedi-
ate transaction reduce the net proceedsto the sdller, but
they do not reduce FMV. However, before the buyers
are willing to buy, they should be saying, “It's true, |
don’'t care about the sellers’ costs. That’ stheir problem.
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However, ten years or so down the road when it's my
turn to be the seller, | do care about that.” To the ex-
tent that sellers’ costs exceed the brokerage cost of
sling publicly-traded stock, in ten years my buyer will
pay meless because of those costs, and therefore | must
pay my sellers less because of my costsas a sdller in
Year 10. Additionally, the process goes on forever,
because in Year 20, my buyer becomes a seller and
faces the same problem.” Thus, we need to quantify
the present value of periodic buyer’ stransactions costs
through an infinity of time beginning with the imme-
diatesaleand sellers' transactions costs that begin with
the second sale of the business. With the following two
formulas, we can adjust the sellers’ and buyers' trans-
actions costs to present value and cal culate the result-
ing discount with the following formulas:

Formula for NPV of Buyers’ Costs

- _ oyl
D3A =1- M, Wherex:l-'-_g

1- (1- z)x’ 1+r

Formula for NPV of Sellers’ Costs

1- x!

Dy =1- ————
* 1- (1- z)x!

In the above equations, D is the discount for trans-
actions cogts, g isthe growth rate of the business, r is
the discount rate of the business, j isthe average num-
ber of years between transactions, andg<r,0<x<1.
The derivation of these two equations appears in the
Mathematical Appendix to Chapter 7 of QBV, pages
286-287. Andysis of partid derivatives in the Math-
ematical Appendix shows that the discount, i.e.,
DLOM, awaysincreaseswith increasesin growth (g)
and transactions costs (z) and always decreases with
increasesin the discount rate (r) and the average num-
ber of years between sales (j). The converseistrue as
well. Decreases in the independent variables have the
opposite effect of increaseson DLOM.

Final Calculations of DLOM

TableV-1A isthefirst page of astandard three-page
table to calculate DLOM in my reports. The essential
caculations al appear on the first page, and the sec-
ond and third pages, which | have not shown in this
article, merely contain the detail supporting the calcu-
lations on page one. Let's follow through the calcula-
tions to understand how the model works.
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Cel B9 shows the 3.2% discount for the Delay-to-
Sale component, i.e., Component 1. We repeat that
amount in C9, as there is no present vaue calculation
necessary. In column D, we show the Remaining Vaue
after deducting the discount due to each of the four
components. For Component 1, the Remaining Vaue
is1—3.2% =96.8% (1 —C9 = D9). For Component 2,
itis1l—9% = 91% (D10). For Buyers Transactions
Costs, we gpply the formulafor Component 3A above
to the pure discount, i.e., the discount at each round of
slling the business, of 2.4%. The assumptions for the
discount rate and the growth rate appears in D18 and
D19, and their calculations and explanations would
normally appear on the second and third pages of the
table and on other tables in the report.

The present value of the 2.4% (B11) discount for
each sdller’ stransactions cost occurring every 10 years
(where 10 is our assumption for j in the formulas on
the previous page) forever is 5.7% (C11). Cell C11
contains the formula for Component 3A, so al one
must do to use the ECM isto calculate or estimate B9
through B12 and D18 and D19 in Table V-1A. All the
rest of the calculations are done automatically by the
Spreadsheet.

Similarly, the present vaue of the 5.1% (B12) dis-
count for each buyer’ s transactions cost occurring ev-
ery 10 years (where 10 is our assumption for j in the
formulas on the previous page) forever is 6.7% (C12).
The remaining vaues after subtracting C11 and C12
from one are 94.3% (D11) and 93.3% (D12), respec-
tively.

We then calculate the remaining value in the firm by
multiplying al four remaining values of the four com-
ponents, i.e., 96.8% x 91.0% x 94.3% x 93.3% = 77.6%
(D9 x D10 x D11 x D12 = D13). DLOM is equd to
oneminustheremaining valueinthefirm, or 1—77.6%
=22.4% (1-D13=D14). Conceptudly, that isall there
is to the ECM. The rest is development of the detail
and documentation supporting these calculations.

This ends our section on explaining the ECM. In the
next section, | provide an empirical test of the ECM
versusthe QMIDM.

3. Empirical Test of the Two Models
The process of empiricaly testing QM DM vs. ECM
will involve the following steps:
* Demonstrating the mathematics of the QMDM’sre-
sult
* Discussing whether or not it is predictive
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* Test Mercer’'s result in explaining the Columbia Fi-
nancial Advisors, Inc. (CFAI) Study resultsand com-
paring them to the ECM calculation of the same

The Mathematics Underlying the QMDM Calcula-
tion of the Holding Period Premium (HPP)

Mercer uses a spreadsheet to back into a 30.5% im-
plied discount rate—required holding period return,
R, in QMDM terminology—for the Management
Planning, Inc. (MPI) data. It ismoreingtructiveto solve
for it andytically, which we do in equations [1] — [3].

We begin with an investment of $1.00 at time zero.
It grows at the marketable minority rate of return (R )
of 15% for 2.5 years (we will explain the holding pe-
riod later) to 1.15%° = $1.42 (there is some apparent, but
not real rounding error). Theinvestor pays, on average,
one dollar, less the 27.1%" restricted stock discount,
or $1.00 — $.271 = $.729. Thus an investment of $.729
grows to $1.42 in 2.5 years. We state that growth in
Equation [1]:

[ $7200+R,,)2 =$1.42
Dividing through by $.729, we get:

2 (4R, )20 = $1.42

= =1.945
$.729

Raising both sides of [2] to the 0.4 power, we come
to:

Bl 14R, =1.945™ =1.305

Subtracting one from both sides of equation [3] leads
to the solution of the 30.5% holding period return. From
there, Mr. Mercer subtracted the marketable minority
return (R ) of 15% to calculate the HPP of 15.5%.

Predictive vs. “Post-Dictive”

Mr. Mercer stated: “If weinput an HPP of 15.5%into
Abrams' calculations, it should be obvious that a dis-
count of 27.1% will be achieved. The QMDM s pre-
dictive of restricted stock discounts, on average, when
appropriate inputs are used.”

Mr. Mercer made the mistake of assuming that which
he was trying to prove. He “backed into” the 15.5%
HPP that produced a 27.1% discount, and then he
claimed that the “resulting” 27.1% discount proves the
accuracy of the QMDM, since it produced a 27.1%
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restricted stock discount. That is not predicting the dis-
count. Itis, to coin aphrase, “post-dicting” the discount.

Table 1: An Empirical Test of Predictive Ability of
the Two Models

Thereisaway totest both the QM DM and the ECM
for their predictive abilities. Since our respective books
published, Kathryn Aschwald of Columbia Financial
Advisors, Inc. (CFAI) published the overdl results of
her firm’s restricted stock study in which the Section
144 minimum holding period was reduced from two
years to one year.** That means non-affiliates of the
company can begin selling their stock after one year
according to the SEC’ sdribbling out rules and complete
sling al their stock by the end of two years. The mean
time to sl in the MPI study was 2.54 years—amost
exactly hafway through the year.*> We round to 2.5
years.

Aswe have no knowledge of the details of the CFAI
study, we make the assumption that its population had
similar characteristics to the MPI study, with the ex-
ception of the holding period.®* We recalculate the
QMDM and the ECM restricted stock discounts in
Table 1.

Section 1: Calculating the QMDM Restricted
Stock Discount

In Section 1, rows 7 — 9, we begin with calculating
the QMDM restricted stock discount for the 2.5-year
holding period. We use the marketable minority inter-
est rate of return, R, of 15% (cell B7) and the hold-
ing period rate of return, R, of 30.5% (B8) from
Mercer’'s article. For every $1.00 of beginning value,
the value of the enterprise should be expected to grow
to 1.15%5 = $1.418 (C7). We discount that by 1.305*°
= 1.945 (C8). The QMDM discount is equal to 1 —
(1.418/1.945) = 27.1%. This duplicates the caculation
earlier in the article.'’

In rows 12 — 14, we redo the prior caculation using
an average 1.5-year holding period instead of a2.5-year
holding period, asthe latter has declined by exactly one
year with the change in Rule 144. Using the same for-
mula, the QM DM forecast restricted stock discount for
a 1.5 year holding period is 17.3% (C14).

Section 2: Calculating the ECM Restricted Stock
Discount & Comparison to QMDM

We calculate the ECM restricted stock discount in
cells B20 to B25, beginning with the MPI study re-
stricted discount of 27.1% (B20). In B22, we show the
decrease of the average holding period of one year. In
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B23, we insert the regression coefficient of 0.137 for
the average years to sl variable.® Multiplying B22 x
B23 = —13.7% (B24). Adding that to B20 leads to the
ECM regression forecast discount of 13.4% (B25). In
C25, werepeat the QM DM forecast discount of 17.3%
from C14.

Inrows 26 — 29, we calcul ate the forecast errors and
compare them. The CFAI average restricted stock dis-
count was 13.0% (row 26). Subtracting row 26 from
row 25 leads to our absolute forecast errors of 0.4%
(B27) for ECM and 4.3% (C27) for QMDM. Dividing
row 27 by row 26 produces the percentage forecast er-
rors of 3.1% (B28) for ECM and 32.9% (C28) for
QMDM. Dividing the QMDM error by the ECM error
(C27/B27) shows that the QMDM error is 10.7, or a-
most 11 times the size of the ECM forecast error.1®

Thus, the regression equation in the Economic Com-
ponents Mode far outperformed the QM DM in its abil-
ity to predict the CFAI results. It is my claim that the
disparity in model performance will be far greater for
the much longer holding periods in business vauation
for a variety of reasons that | will discuss later in the
article.

This concludes our empirica test of the two models.
In the next section, we examine inconsistencies in
Mercer’s use of the QMDM.

4, Inconsistencies in the QMDM

In my view there is an inconsistency in Mercer’s
logic. It is a paradox that his discount rates (holding
period returns) for the Management Planning, Inc.
(MPI) study firms and his Chapter 10 example firms
are reversed. The former should be low and the latter
high, not the other way around. Mercer’s attempt to
explain away this paradox suffers from its own incon-
sistencies.

He saysthat if one assumes growth rates for private
firms are lower than the marketable minority interest
rate of return, i.e., G, < R, that may judtify using a
lower holding period premium—and hence, discount
rate—for private firms compared to restricted stocks.
We will explore these clams in detall.

The Discount Rates (Required Holding Period
Returns) are Reversed

Mr. Mercer has not made a satisfactory explanation
asto why the average discount rate for the privately held
firmsin the examplesin Chapter 10 of his book is 20%,
whilethediscount ratefor the MPI firmsis30.5%. Let's
review the differences of the two data sets.
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The MPI firms were al publicly traded, profession-
aly managed firms, with an average market capitali-
zation of $78 million, and a known average 2.5-year
restriction before complete marketability. The holding
periods were small and certain, compared to the Chap-
ter 10 examples, where the holding periods were gen-
eraly long and uncertain. Marketability at the end of
the holding period for the MPI firms was guaranteed,
while marketability of the example firms was uncer-
tain. Mercer has not adequately explained why the
former should have holding period premiums that are
3 to 10 times larger than the latter.

Mercer’s backing into the 30.5% holding period re-
turn resultsisan ex-post return, not an ex-ante return—
which he did point out on page 276 of my book. How-
ever, ater making that point, he appearsto haveignored
its implications and forgotten it. An ex-post return is
not predictive, and it cannot be used when its under-
pinnings are so contrary to financia logic as they are
here.

Mercer’s Explanation for the Inconsistency

His explanation for that inconsistency appears in
footnote 14 of his article, where he states that the
appraiser’s judgment may dictate that the expected
growth rate in value, G, may be considerably lower
than the marketable minority rate of return, R . He
then states, “In such cases (e.g., as in the examples
provided in Chapter 10 of Quantifying Mar ketability
Discounts), there is no need to ‘charge’ the required
holding period return for uncertainties related to
achieving reinvestment at the enterprise discount rate.
As areault, the holding period premia (HPP) used by
some [a]ppraisers for expected holding periods in pri-
vate company valuations may be lower than those im-
plied by the restricted stock studies.” This explanation
would not survive any reasonable sanity check.

Flaw in the Explanation

Let’s review the concept of risk by thinking of two
otherwise identical firms—one publicly held and one
privately held. In finance, we think of risk as the prob-
ability distribution around our estimate of expected
cash flows. In this context, there are two components
of risk. The first one is the inherent business risk of
being in their particular industry and market. That
would be identica for the two firms and their share-
holders. The second component of risk is the overlay
of therisk Mercer pointed out, i.e., of being an exploited
shareholder in a private firm. That increases the risk
of being a private shareholder vis-avisapublic share-

June 2002

holder. While abuses exist in public firms, it happens
far less frequently, and there are greater remedies
againgt this, such as class action lawsuits. The logica
result is that the required holding period premium—
and hence, holding period return (discount rate)—for
private firms should be higher than restricted stocks,
not lower.

Thus, Mercer has no logica explanation that | can
perceivefor the higher discount rate for the public firms
with restricted stock than the private firmsin his Chap-
ter 10.

Consistent QMDM Results with a 30.5% Discount
Rate

If Mercer is correct that restricted stock of publicly-
traded firms with average market capitalization of $78
million and a known 2.5 year restriction before com-
plete marketability should have discount rates of 30.5%
and that the unrestricted stock has an average discount
rate of around 15%, that implies that a 2.5 year period
of restriction causesan average 16% (rounded) QM DM
premium—well and good.

Then, imposing logical consistency, | would hazard
a reasonable guess that privately-held firms with ex-
pected holding periods of 8-10 years and great uncer-
tainty as to their length and subsequent marketability
should have QMDM premiums at least 10% to 20%
higher, leading to a holding period return of 40%-50%
(rounded). Assuming G = R, a 10-year holding pe-
riod, and discount rates of 40% and 50%, the QM DM
DLOMs are 86% (Table 2, C12) and 93% (D12), re-
spectively, for an average of 90%.2° Using a 50% dis-
count rate and a 12-year holding period, the resulting
DLOM is 96% (E12)—and we haven't calculated the
discount for lack of control (DLOC) yet! Thus, if we
impose rational consistency on the HPPs, then the
QMDM caculation of DLOM for private firms pro-
duces extreme resullts.

For comparison, | included a QMDM ca culation of
a2% DLOM in column B, based on a 1% HPP, which
isamore appropriate HPP if Mercer’s smdl HPPs in
Chapter 10 are correct. The point isthat aslong as one
isconsistent in HPPs between the restricted stocks and
private firms, the QM DM produces extreme resultsfor
either very short holding periods or very long holding
periods. That is the mgor flaw of the modd.

Other shortcomings of the QM DM vis-&-vis the
Economic Components Model are its lack of empiri-
cal data and inability to accurately quantify the effects
of thin markets and transactions cost differentials be-
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tween direct ownership of the underlying assets and an
ownership interest in the firm.

5. Conclusion

It should be clear from this article that criticisms of
the QMDM in Chapter 7 of my book are well founded.
Mercer's attempted reconciliation does not work.
Mercer’ sonly apparent defenseisto bifurcate the model
and use very high discount rates (R,,) for publicly
traded firms and low discount rates for private firms.

Meanwhile, we have seen in Table 1 that the regres-
sion equation in the ECM outperformed the QMDM
by amost 11 timesin forecasting the resultsin the CFAI
Study, even when we alow the QMDM to “cheat” by
using the ex-post perfect solution from the MPI Study.
When we hold the QM DM to rational consistency with
the examplesin Mercer’s Chapter 10, then the QMDM
error isover 27 timeslarger.?! Also, there are substan-
tia theoretical reasons why this gap should widen con-
siderably with ordinary business valuation, with their
longer holding periods.

As indicated at the outset of this article, my inten-
tion is to continue dialogue on these and other issues
confronting our profession. We have come along way
in arelatively short time. Chris Mercer, among others,
has contributed to that dialogue. In fact, we both de-
veloped our DLOM models at approximately the same
time in 1994, unbeknownst to the other. Ours were the
first two quantitative models to calculate DLOM, and
the QMDM iscertainly asubstantia improvement over
the pure guesswork that preceded it. Let the dialogue
continue.

In fact, very infrequently, | use the QMDM as a
benchmark DLOM calculation. | am most tempted to
do this when the holding period is very long and there
isno market. For example, if | werevaluing afractiona
interest in a housg, if the interest is not entitled to pos-
session or income and would only achieve liquidity
upon the sale, which is not expected for over 20 years,
I might be tempted to include a QMDM calculation.
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15. These are the 53 transactions reported in Quantitative
Business Valuation, page 238, cell 160.

16. There is another likely difference in the two popula-
tions. As shown in Quantitative BusinessValuation, p.
128-129, the standard deviation of stock market
returns as afunction of company size has declined
exponentially over the life of the New Y ork Stock
Exchange. Thetransaction datesin the MPI database
range from 1980-1996, a span of 16 years, while the
CFAI study had to begin after April 27, 1997 and was
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years, with an average transaction date approximately
10 years after the MPI study. Thus, the standard
deviations of returns are very unlikely to be similar,
and theinterest rates prevailing during the two studies
are likely to be different. This renders use of Black-
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Scholes | ess appropriate as ameansto reconcile the
differencesin theresults of the two studies.

17. An dternative form of this calculation is Discount = 1
—x", where x = (1+R,,,)/(1+Ryp) and n = Holding
Period. Thisis equivalent to discounting the $1.418 at
30.5% for 2.5 years, which leads to a value of $.729
and a discount of 27.1%.

18. Quantitative Business Valuation, page 240, cell B54.

19. C28/B28 leads to the same result.

20.1f G, < Ry that would increase DLOM further. The
QMDM DLOM equals 1-x", where x = (1+g)/(1+r),

withg =R, (or G, as appropriate), andr = Ryp.
The partial derivatives of the discount are as follows:

E: -nx" li< 0
19 1+r

ﬂD n-17~ (1+ g)
T (1+r)?
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Thus, the QMDM DLOM is negatively related to
changesin g and positively related to changesinr.

21. We begin with the CFAI result of 13.0% and subtract
my 2% (actually 2.14%) calculation of the QMDM
discount from Table 2, B12 to arrive at an error of
10.86%. We then divide that by the ECM error of
0.4% to arrive at aratio of over 27.2 times the error.
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C | D
Table V-1A
Calculation of DLOM for 54% LP Interest

2

3

4 |Section 1: Calculation of the Discount For Lack of Marketability

5

6 =1- Col. [C]

7 Pure Discount| PV of Perpetual Remaining

8 |Component =z [1] Discount [2] Value

9 |1 3.2% 3.2% 96.8%| Delay To Sale-1 Yr (Table V-1B, B16)
10 |2 9.0% 9.0% 91.0%| Buyer's Monopsony Power-Thin Markets
11|3A 2.4% 5.7% 94.3%| Transactions Costs-Buyers [3]

12 |3B 5.1% 6.7% 93.3%| Transactions Costs-Sellers [4]

13 |Percent Remaining 77.6%| Total % Remaining = Components 1 x 2 x 3A x 3B
14 |Final Discount 22.4%| Discount = 1 - Total % Remaining
15

16 [Section 2: Assumptions and Intermediate Calculations:

17

18 |Discount Rate =r (D71) [5] 11.8%

19 |Constant Growth Rate =g (D74) [5] 5.9%

20 [Intermediate Calculation: x = (1+g) / (1+r) 0.9477

21 |Avg # Years Between Sales =j 10

22

23|[1] Pure Discounts: For Component #1, Table V-1B, cell B16; For Component #2, 9% per Schwert article. For

24 Components #3A and #3B, see notes [3] and [4] below.

25

26 |[2] Formula For Sellers' Discount: 1-(1-x")/((1-(1-z)*x"}))), per equation [7-9], used for Component #3B.

27 Formula For Buyers' Discount: 1-(1-z)*(1-x"))/((1-(1-z)*x"}))), per equation [7-9a], used for Component #3A.

28 Components #1 and #2 simply transfer the pure discount.

29

30 |[3] We calculate incremental costs for the buyer, who would have to perform due diligence on the other partners in

31 addition to due diligence on the assets themselves, in the following manner. For the 54% LP interest, we assume the
32 buyer would spend 20 hours at a value of his/her time of $300 per hour, or $6,000 of incremental due diligence costs.
33 We also assume the buyer would incur legal fees of $10,000 and accounting costs of $5,000. We divide the $21,000 in
34 due diligence costs by the Net Asset Value times 54%, the size of the LP interest, or $21,000/[($1,588,572 * 54%] =

35 2.4% (rounded).




A | B | C D
1 Table 1
2 Predictive Power of QMDM vs. ECM
3
4 [Section 1: Calculation of QMDM Restricted Stock Discount
5
6 Rate of Return = R| n =Holding Per =2.5 Yrs| Valueatn = (1+R)2'5
7 Rinm 15.0% $1.418|Value
8 Rup 30.5% 1.945|Discount Factor
9 DLOM| = 1-[(1+Ryn)/(1+Ryp)*® 27.1%|1-(Value/Disc Factor)
10
11 Rate of Return = R| n =Holding Per =1.5 Yrs| Valueatn = (1+R)1'5
12 Rinm 15.0% $1.233|Value
13 Rup 30.5% 1.491|Discount Factor
14 DLOM| = 1-[(1+Ryn)/(1+Ryp)]™® 17.3%|1-(Value/Disc Factor)
15
16 |Section 2: Calculation of ECM Restricted Stock Discount &
17 Comparison of Errors in Both Models
18
19 ECM QMDM
20 |Avg Restricted Stock Discount-MPI 27.1% 27.1%
21 [Less:
22 |Decline of Section 144 Holding Period in Years -1.0
23 [Regression Coefficient-Yrs 2 Sell [1] 0.137
24 |Forecast Decline in Restricted Stock Discount -13.7%
25 [Forecast Restricted Stock Discount [2] 13.4% 17.3%
26 [Avg Restricted Stock Disc-CFAI [3] 13.0% 13.0%
27 |Absolute Forecast Error (Row 25 - Row 26) 0.4% 4.3%
28 [Percentage Forecast Error (Row 27 / Row 26) 3.1% 32.9%
29 [QMDM Error/ECM Error (C27 /B27) 10.7
30
31 |[1] Quantitative Business Valuation: A Mathematical Approach for Today's Professionals (QBV),
32 page 240, cell B54. To reconcile between the MPI and the CFAI studies, we are using the
33 averages of the studies. Thus we use Regression 2 (page 240) rather than Regression 1
34 (pp. 238-239) in QBV, as we do not have the average price stability for the CFAI study.
35
36 [[2] The ECM forecast is as calculated in B20 to B24. The QMDM forecast is from C14.
37
38 |[3] CFAl is Columbia Financial Advisors, Inc. Reported in Business Valuation Update , May 2000.




A | B | ¢ | b | E

Table 2

1

2 QMDM DLOM Calculations

3

4 |Scenario 1 2 3 4
5 |g = Growth Rate 15% 15%| 15%| 15%
6 |r = Discount Rate 16% 40%| 50%| 50%
7 |n = Number of Years (Holding Period) 2.5 10 10 12
8 |x = (1+g)/(1+r) 0.9914| 0.8214| 0.7667| 0.7667
9 |(1+g)" = Value of Investment in 10 Years $1.42 | $ 4.05 | $4.05 | $5.35
10 | Divide by (1+r)" to Discount to Present Value 1.45 28.93| 57.67| 129.75
11 |[(A+g)/(1+nN]" =X 0.979 0.140| 0.070| 0.041
12 |QMDM Discount = 1-X' 2% 86%| 93%| 96%




